In this article, we construct crystallization of mapping torus of some (PL) homeomorphisms f : M → M for a certain class of PL manifolds M . These yield upper bounds for gem-complexity and regular genus of a large class of PL manifolds. The bound for regular genus is sharp for mapping torus of some homeomorphisms f :
Introduction and Results
First, let us recall that, a fiber bundle is a topological space which is locally a product space. Let M be a closed connected manifold. For a homeomorphism f : M → M , let M f = (X×I) (x,0)∼(f (x), 1) , where I is the closed interval [0, 1] . Then M f is an M -fiber bundle over S 1 . The bundle M f is called the mapping torus of f : M → M .
A crystallization of a PL-manifold is a contracted colored graph which represents the manifold (for details and related notations see Subsection 2.1). The existence of crystallizations for every closed connected PL-manifold is ensured by a classical theorem due to Pezzana (see [21] , or [16] for subsequent generalizations). Given a PL d-manifold M , its gem-complexity is the non-negative integer k (M ) := p − 1, where 2p is the minimum order of a crystallization of M .
Let (Γ, γ) be a (d + 1)-regular colored graph (i.e., through each vertex of the graph, there are d + 1 edges with different colors from the color set ∆ d := {0, . . . , d}). Then, an embedding i : Γ ֒→ F of Γ into a closed surface F is called regular if there exists a cyclic permutation ε = (ε 0 , ε 1 , . . . , ε d ) of the color set ∆ d , such that the boundary of each face of i(Γ) is a bi-colored cycle with edges alternately colored by ε j , ε j+1 for some j (the addition is modulo d + 1). Then, the regular genus ρ(Γ) of (Γ, γ) is the least genus (resp., half of genus) of an orientable (resp., non-orientable) surface into which Γ embeds regularly, and the regular genus G(M ) of a closed connected PL d-manifold M is defined as the minimum regular genus of its crystallizations. Note that the notion of regular genus extends classical notions to arbitrary dimension. In fact, the regular genus of a closed connected orientable (resp., non-orientable) surface coincides with its genus (resp., half of its genus), while the regular genus of a closed connected 3-manifold coincides with its Heegaard genus (see [18] ).
The invariant regular genus (resp., gem-complexity) has been intensively studied, yielding some important general results. For example, regular genus (resp., gem-complexity) zero characterizes the d-sphere among all closed connected PL d-manifolds (cf. [15] ). In [4] , the authors give a lower bound for gem-complexity of all 3-manifolds. A lower bound for regular genus (resp., gem-complexity) is also obtained for all PL 4-manifolds in [3] . In fact, many authors give some bounds for regular genus (resp., gem-complexity) of some PL d-manifolds (cf. [12, 13, 14, 19, 22] ). In this article, our constructions give upper bounds for regular genus and gem-complexity of some mapping tori. More precisely, we prove the following. Theorem 1. If M = S d−1 × S 1 (resp., S d−1 × − S 1 ) then there exists an orientable (resp., a non-orientable) mapping torus M f of a homeomorphism f : M → M with the following properties.
Remark 2. Topological classification of closed connected PL 4-manifolds according to regular genus (resp., gem-complexity) are very interesting problem in mathematics (cf. [8, 10, 11] ). But the topological classification of closed connected orientable PL 4-manifolds according to regular genus is open when regular genus is greater than 5. In [22] , Spaggiari conjectured that regular genus six characterizes the topological product RP 3 × S 1 among closed connected prime orientable PL 4-manifolds. In Theorem 1, we have provided a crystallization of an orientable mapping torus of a homeomorphism f : S 2 × S 1 → S 2 × S 1 with regular genus 6. This disproves the conjecture.
Moreover, there exists an orientable (resp., a non-orientable) mapping torus 1) ) with regular genus 6.
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even, then there exists a non-orientable mapping torus Mf of a homeomorphismf : M → M with the following properties.
Preliminaries

Crystallization
Crystallization theory is a representation method for the whole class of piecewise linear (PL) manifolds, without restrictions about dimension, connectedness, orientability or boundary properties. A graph is called (d + 1)-regular if the number of edges adjacent to each vertex is (d + 1). For n ≥ 2, by kC n we mean a graph consists of k disjoint n-cycles. The disjoint union of the graphs G and H is denoted by G ⊔ H. We refer to [6] for standard terminology on graphs, and to [5] for CW-complexes and related notions. • V (∂Γ) is in bijection with the set of boundary vertices of Γ.
• u, v ∈ V (∂Γ) are joined in ∂Γ by edge of color i if and only if u and v are joined in Γ by a path with edges alternately colored by i and the missing colors.
Note that, (∂Γ, ∂γ) may not be connected and each component (may not be contracted) of (∂Γ, ∂γ) represents a (different) component of ∂M . In each component of (∂Γ, ∂γ), the missing color is same. But two different components may have two different missing colors.
Fundamental group
Let (Γ, γ) be a crystallization (with the color set ∆ d ) of a connected closed d-manifold M . So, Γ is an (d + 1)-regular graph. Choose two colors, say, i and j from ∆ d . Let {G 1 , . . . , G s+1 } be the set of all connected components of Γ ∆ d \{i,j} and {H 1 , . . . , H t+1 } be the set of all connected components of Γ ij . Since Γ is regular, each H p is an even cycle. Note that, if d = 2, then Γ ij is connected and hence
, where e i p and e j q are edges with colors i and j respectively.
Regular Genus of PL-manifolds
As already briefly recalled in Section 1, the notion of regular genus is strictly related to the existence of regular embeddings of crystallizations into closed surfaces, i.e., embeddings whose regions are bounded by the images of bi-colored cycles, with colors consecutive in a fixed permutation of the color set. More precisely, according to [18] , if (Γ, γ) is a crystallization of an orientable (resp., non-orientable
where F ε is the closed orientable (resp., non-orientable) surface with Euler characteristic
In the orientable (resp., non-orientable) case, the integer
is equal to the genus (resp,. half of the genus) of the surface F ε . Then, the regular genus ρ(Γ) of (Γ, γ) and the regular genus G(M ) of M are:
From [3] , we know the following.
For a closed connected 3-manifold N , if M is a mapping torus of a homeomorphism 
1 vertices by an edge of color d + 1, for all j.
Let Γ 0,1 be the resulting graph with vertex set {x
1 , . . . , x (2p−1) 1 }. Then, (∂Γ 0,1 , ∂γ 0,1 ) has two different components with two different missing colors but each component is a crystallization of M . Let K i be the component of (∂Γ 0,1 , ∂γ 0,1 ) with vertex set {x Let Γ 0,k be the resulting graph. Then, (∂Γ 0,k , ∂γ 0,k ) has two different components with two different missing colors but each component is a crystallization of M . Here, K 0 is a component of (∂Γ 0,k , ∂γ 0,k ) and let K k be the other component of (∂Γ 0,k , ∂γ 0,k ) with vertex set {x
k ) by moving vertex k − 1 to k − 2 and keeping the other vertices fixed. Thus, there is a continuous path (say,
(v) Now, consider the graph Γ d+1 and join I V (x Let Γ 0,d+1 be the resulting graph. Then, (∂Γ 0,d+1 , ∂γ 0,d+1 ) has two isomorphic components and each component is a crystallization of M . Here, K 0 is a component of (∂Γ 0,d+1 , ∂γ 0,d+1 ) and let K d+1 be the other component of (∂Γ 0,d+1 , ∂γ 0,d+1 ) with vertex set {x
Thus, there is a continuous path (say, 0, 1, . . . , d − 1] and (d + 1, 0, 1, . .
. These show that Γ 0,d+1 represents M × I. Now, letĨ(Γ) := (Ĩ V ,Ĩ c ) : Γ → Γ be an isomorphism with the propertyĨ c (i) = i + 1 for 
there exists a crystallization (Γ,γ) of an orientable (resp., nonorientable) mapping torus M f (resp., Mf ) of a (PL) homeomorphism f : M → M (resp.,
Proof. LetĨ(Γ), I(Γ), T d+1 and (Γ,γ) be as in the proof of Lemma 9. If Γ is non-bipartite (i.e., M is non-orientable) thenΓ is also non-bipartite (i.e., M f is also non-orientable). If Γ is bipartite (i.e., M is orientable) then we have the following.
• 
x (2d−2)
is odd (resp., even), and an isomorphism from the crystallization to itself. 
j+1 (addition in the subscript is module d + 2) for all s ∈ {0, . . . , 2p − 1}. Thus, we can use Lemma 10 again and, can construct a crystallization Γ of a mapping torus of some g : M f → M f . [20] ). In these cases, vertices ofΓ is 2(d + 2) andḡ {j,k} = d for all j, k. Therefore, Since there is an edge between u and I V (u) for all u, we have M f is orientable (resp., non-orientable
Now, from Remark 11, if j and k are not consecutive colors thenΓ {j,k} is of type
. Therefore, we can choose a permutation ε = (ε 0 , . . . , ε d+1 ) such that
is even (resp., odd), and an isomorphism from the crystallization to itself.
0 , x
1 , x
d+1 , x
2 , . . . , x
]. Then G 1 and G 2 be two components ofΓ {2,...,d+1} out of the three components (cf. If d = 3 thenΓ {2j,(2j+2)} (here the addition is modulo 5) is of the form Γ {0,2} ⊔ 2pC 4 , i.e., g {2j,(2j+2)} = g {0,2} + 2p for 0 ≤ j ≤ 4. Now, for the cyclic permutation ε = (0, 2, 4, 1, 3), 
4 , x
3 , x
2 ]. Then G 1 and G 2 are two components ofΓ {2,3,4} out of the three components. Now, if G 1 , G 2 represent the generators and components ofΓ {0,1} represent the
If q = 2 then we have another isomorphism x (1) ). Thus, by Lemma 10, there is crystallization (Γ,γ) of a non-orientable mapping torus L(2, 1)f of a homeomorphismf : L(2, 1) → L(2, 1). In this case g {0,2} = 2 and p = 4. Thus, by Lemma 14, G(L(2, 1)f ) ≤ 1 + 5(p − g {0,2} )/2 = 1 + 5(4 − 2)/2 = 6. In this case,ḡ {2,3,4} = 3.
Let G 1 be the component ofΓ {2,3,4} with vertex set {x (2) 0 , x (7) 0 , x (6) 0 , x
2 ]. Then G 1 and G 3 are two components ofΓ {2,3,4} out of the three components. Now, if G 1 , G 2 represent the generators and components ofΓ {0,1} represent the relations of π 1 (L(2, 1)f ) then, from Proposition 7, we have π 1 (L(2, 1) 
Thus, we have, G(L(2, 1)f ) = 6. These prove the results.
. Consider the set of the vertices d 2 −4) . Now, part (ii) follows from these. (resp., 24) vertices for h = 1 (resp., h = 2). Therefore, k ((U 1 ) f ) ≤ 7 and k ((U 2 ) f ) ≤ 11. Now, from Proposition 7, it is easy to prove that π 1 ((U h ) f ) = π 1 (U h ) × Z. Therefore, form the table III in [7] (is also available in [2] ), we have (U 1 ) f = U 1 × S 1 , (U 2 ) f = U 2 × S 1 , k (U 1 × S 1 ) = 7 and k (U 2 × S 1 ) = 11. Now, by Remark 12 and, by the symmetry of the crystallizationΓ, there exist isomorphisms fromΓ to itself which satisfy all the properties as in Lemma 10. Therefore, by Lemma 10, we have a crystallization of a non-orientable mapping torus (U h × S 1 )f of a homeomorphismf : U h × S 1 → U h × S 1 . Now, number of vertices of Γ is 2p, where p = 2 (resp., p = 3) for h = 1 (resp., h = 2). Thus, the number of vertices of the crystallization of the mapping torus is 5 · 4 · 2p = 40p. Now, from Remark 11, we haveΓ {0,2} ∼ = 2pC 4 , i.e.,ḡ {0,2} = 2p. Again we have, ifΓ is a 2p-vertex crystallization thenp = 4p. Now, by
